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Abstract
This paper prices and replicates the financial derivative whose payoff at T is
the wealth that would have accrued to a $1 deposit into the best continuously-
rebalanced portfolio (or fixed-fraction betting scheme) determined in hindsight.
For the single-stock Black-Scholes market, Ordentlich and Cover (1998) only
priced this derivative at time-0, giving C0 = 1 + σ
√
T/(2pi). Of course, the
general time-t price is not equal to 1 + σ
√
(T − t)/(2pi).
I complete the Ordentlich-Cover (1998) analysis by deriving the price at any
time t. By contrast, I also study the more natural case of the best levered rebal-
ancing rule in hindsight. This yields C(S, t) =
√
T/t · exp{rt+σ2b(S, t)2 · t/2},
where b(S, t) is the best rebalancing rule in hindsight over the observed his-
tory [0, t]. I show that the replicating strategy amounts to betting the fraction
b(S, t) of wealth on the stock over the interval [t, t + dt]. This fact holds for
the general market with n correlated stocks in geometric Brownian motion:
we get C(S, t) = (T/t)n/2 exp(rt + b′Σb · t/2), where Σ is the covariance of
instantaneous returns per unit time. This result matches the O(Tn/2) “cost of
universality” derived by Cover in his “universal portfolio theory” (1986, 1991,
1996, 1998), which super-replicates the same derivative in discrete-time. The
replicating strategy compounds its money at the same asymptotic rate as the
best levered rebalancing rule in hindsight, thereby beating the market asymp-
totically. Naturally enough, we find that the American-style version of Cover’s
Derivative is never exercised early in equilibrium.
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1 Introduction
The exotic option literature has several examples (Wilmott 1998) of derivatives with
“lookback” or “no-regret” features. For example, a floating-strike lookback call allows
its owner to look back at the price history of a given stock, buy a share at the realized
minimum m := min
1≤t≤T
St, and sell it at the terminal price ST . Similarly, a fixed-strike
lookback call allows its owner to buy one share at a fixed price K, and sell it at the
historical maximum M := max
1≤t≤T
St.
This paper prices and replicates a markedly different type of lookback option,
whose payoff is equal to the final wealth that would have accrued to a $1 deposit into
the best continuous rebalancing rule (or fixed-fraction betting scheme) determined
in hindsight. This contingent claim has been studied by Cover and his collaborators
(1986, 1991, 1996, 1998) who used it as a performance benchmark for discrete-time
portfolio selection algorithms. Ordentlich and Cover’s important (1998) paper (on
the “max-min universal portfolio”) super-replicates this derivative in discrete-time.
In the context of one underlying stock, a rebalancing rule is a fixed-fraction betting
scheme that continuously maintains some fraction b ∈ (−∞,+∞) of wealth in the
stock and keeps the rest in cash. The portfolio is held for the differential time interval
[t, t+dt], at which point it is rebalanced to the target allocation. If b > 1, the scheme
uses margin loans, but continuously maintains a fixed debt-to-assets ratio of 1− 1/b.
Say, for b = 2 the scheme would keep a 50% loan-to-value ratio at all times. Thus,
when the stock rises, the trader instantly adjusts by borrowing additional cash against
his new wealth. Similarly, on a downtick he will de-lever himself by selling a precise
amount of the stock. For example, using b = 2 on the S&P 500 index from January
2012 through August 2018 would have, under monthly rebalancing, compounded one’s
money at 31.8% annually, as compared to buying and holding the index (b = 1), which
Figure 1: b = 2 for Vanguard S&P 500 index ETF under monthly rebal-
ancing, Jan 2012-Aug 2018.
would have yielded 15.6% annually. This is illustrated in Figure 1.
By contrast to the constant leveraged (2x) exposure discussed above, rebalancing
rules b ∈ (0, 1) amount to “volatility harvesting” strategies (Luenberger 1998) that
“live off the fluctuations” of the underlying. Such rules are mechanical schemes
for “buying the dips and selling the rips,” and they profit from mean-reversion in
cyclical or “sideways” markets. For example, using b = 0.5 for shares of Advanced
Micro Devices (AMD) with monthly rebalancing over the author’s lifetime (April
1986 through August 2018), the trader would have compounded at 7.79% per year,
compared to 1.77% for b = 1. This is illustrated in Figure 2.
These examples make it clear that the best rebalancing rule in hindsight will
handily outperform the underlying over long periods. For an underlying whose price
failed to rise during the lookback period, the best rebalancing rule in hindsight can
outperform by holding all cash (b = 0) or by shorting the stock (b < 0). Inevitably,
one lives to regret the fact that he did not use the best rebalancing rule in hindsight.
In 1986, no one could have reliably predicted that b = 0.5 would beat AMD by 6
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Figure 2: b = 0.5 for AMD shares under monthly rebalancing, Apr 1986-
Aug 2018.
percent a year. But (at least in the Black-Scholes world) it was possible to delta-
hedge the final wealth of the best continuous rebalancing rule in hindsight. Such is
the business of this paper.
1.1 Contribution
Ordentlich and Cover (1998) priced this derivative at time-0, for a single underlying
with unlevered hindsight optimization. The last result in their paper is the formula
C0 = 1 + σ
√
T/(2pi), where T is the horizon and σ is the volatility. Of course,
the general time-t price is not equal to 1 + σ
√
(T − t)/(2pi). Accordingly, this pa-
per completes the Ordentlich-Cover (1998) analysis, deriving the eponymous Cost
of Achieving the Best (constant-rebalanced) Portfolio in Hindsight at any time t,
for levered hindsight optimization over any number of correlated stocks in geometric
Brownian motion. When leverage is allowed in the hindsight optimization, replica-
tion becomes especially simple. At time t, we just look back at the observed history
[0, t] and compute the best (currently known) rebalancing rule in hindsight, here de-
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noted b(S, t). We then bet the fraction b(S, t) of wealth on the stock over [t, t + dt].
This is equivalent to holding ∆(S, t) := b(S, t)C(S, t)/S shares of the stock in state
(S, t). The replicating strategy serves to translate Ordentlich and Cover’s (1998)
“max-min universal portfolio” into continuous time. Thus, the present paper does for
Ordentlich and Cover (1998) what Jamshidian (1992) did for Cover’s original (1991)
performance-weighted universal portfolio.
1.2 Related Literature
Cover’s universal portfolios (and the corresponding individual sequence approach to
investment) have generated a thriving literature in mathematical finance, computer
science, and machine learning. Parkes and Huberman (2001) study a cooperative
multiagent search model of portfolio selection. Barron and Yu (2003) supply invest-
ment strategies that are universal with respect to constant-rebalanced option portfo-
lios. Iyengar (2005) analyzes universal growth-optimal investment in a discrete-time
market with transaction costs. Stoltz and Lugosi (2005) extend the concept of in-
ternal regret to the on-line portfolio selection problem. They develop sequential
investment strategies that minimize cumulative internal regret under model uncer-
tainty. DeMarzo, Kremer, and Mansour (2006) use on-line trading algorithms and
regret minimization to derive robust bounds for option prices. Gyo¨rfi, Lugosi, and
Udina (2006) study kernel-based sequential investment strategies that guarantee op-
timal capital growth for markets with ergodic stationary return processes. Kozat
and Singer (2011) deal with semiconstant-rebalanced portfolios that rebalance only
at selected points in time, and thus may avoid rebalancing if the prospective benefits
are outweighed by transaction costs. They exhibit on-line investment strategies that
asymptotically achieve the wealth of the best semiconstant-rebalanced portfolio for
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the realized sequence of asset returns. Rujeerapaiboon, Kuhn, and Wiesemann (2015)
use robust optimization techniques to build fixed-mix strategies offering performance
guarantees that are similar to the growth-optimal portfolio.
Portfolio rebalancing is a key tenet of Fernholz’s (2002) stochastic portfolio the-
ory. Wong (2015) extends Cover’s universal portfolio to the nonparametric family of
functionally generated portfolios in stochastic portfolio theory. Cuchiero, Schacher-
mayer, and Wong (2016) show that, under appropriate hypotheses, the asymptotic
compound-growth rate of Cover’s universal portfolio coincides with that of stochastic
portfolio theory and the nume´raire portfolio. On a more practical basis, rebalancing
is a perennially important aspect of tactical asset allocation. For instance, Israelov
and Tummala (2018) study short option overlays that can be used to hedge one’s
exposure to allocation drift between planned rebalances. Gort and Burgener (2014)
describe and backtest option selling techniques that serve to rebalance institutional
investors’ asset exposures to predefined targets. An AQR White Paper by Ilmanen
and Maloney (2015) discusses the key considerations for investors deciding on whether
and how to rebalance their portfolios.
2 One Underlying
2.1 Payoff Computation
For simplicity, we start with a single underlying stock whose price St follows the
geometric Brownian motion
dSt
St
= µ dt+ σ dWt, (1)
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where µ is the drift, σ is the volatility, and Wt is a standard Brownian motion. There
is a risk-free bond whose price Bt := e
rt follows
dBt
Bt
= r dt, (2)
where r is the continuously-compounded interest rate. We consider constant rebal-
ancing rules, or fixed-fraction betting schemes, that “bet” the fraction b ∈ (−∞,+∞)
of wealth on the stock over the interval [t, t + dt]. Assume that the gambler starts
with $1, and let Vt = Vt(b) denote his wealth at t. He thus owns bVt/St shares of the
stock at t, and has the remaining (1− b)Vt dollars invested in bonds. The gambler’s
wealth evolves according to
dVt(b)
Vt(b)
= b
dSt
St
+ (1− b)dBt
Bt
= [r + b(µ− r)]dt+ bσ dWt. (3)
Since Vt(b) is a geometric Brownian motion, we have
Vt(b) = exp{[r + (µ− r)b− σ2b2/2]t+ bσWt}. (4)
In the formula
St = S0 exp{(µ− σ2/2)t+ σWt}, (5)
we can solve for σWt in terms of St, and substitute the resulting expression into (4).
This yields
Vt(b) = exp{(r − σ2b2/2)t+ b[log(St/S0)− (r − σ2/2)t]}. (6)
Thus, we note that Vt(b) can be calculated without any explicit reference to the drift
parameter µ. The trader’s wealth is Markovian: it depends only on the current state
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(St, t).
To find the best rebalancing rule in hindsight over [0, t], we maximize Vt(b) with re-
spect to b. Since the exponent is quadratic in b, the best rebalancing rule in hindsight
over [0, t] is
b(St, t) :=
log(St/S0)− (r − σ2/2)t
σ2t
. (7)
If we write µˆ(S, t) := log(S/S0)/t+ σ
2/2, we get the expression
b(S, t) =
µˆ(S, t)− r
σ2
. (8)
Let V ∗t := max
b∈R
Vt(b) denote the final wealth of the best levered rebalancing rule in
hindsight over [0, t]. Then
V ∗t = exp{rt+ σ2b(S, t)2 · t/2} . (9)
Figure 3 plots this payoff for different volatilities, assuming a risk-free rate of r :=
0 over a horizon of T := 5 years. In Ordentlich and Cover (1998), the hindsight
optimization is over unlevered rebalancing rules b ∈ [0, 1], and in that context, the
best unlevered rebalancing rule in hindsight is bu(S, t) := max{min{b(S, t), 1}, 0}.
Thus, they use the payoff
V ∗t := max
0≤b≤1
Vt(b) =

ert if b(S, t) ≤ 0
exp{rt+ σ2b(S, t)2 · t/2} if 0 ≤ b(S, t) ≤ 1
St/S0 if b(S, t) ≥ 1
. (10)
Figure 4 plots the unlevered payoff for different volatilities, assuming a risk-free rate of
r := 0 over a horizon of T := 2 years. Consider the European-style derivative (“hind-
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Figure 3: The payoff of Cover’s Derivative for levered hindsight opti-
mization, T := 5, S0 := 100, r := 0.
sight allocation option”) whose payoff at T is V ∗T (ST ). Let Q denote the equivalent
martingale measure. Ordentlich and Cover (1998) computed the expected present
value
C0 := e
−rTEQ0 [V ∗T ] = 1 + σ
√
T
2pi
(11)
with respect to Q and the information available at t = 0. If someone buys a dol-
lar’s worth of this derivative at t = 0 (for some distant expiration date T ), he will
compound his money at the same asymptotic rate as the best unlevered rebalancing
rule in hindsight. His initial dollar buys him 1/C0 units of the derivative, yielding
final wealth V ∗T /
{
1 + σ
√
T/(2pi)
}
. After holding the option for T years, the excess
continuously-compounded growth rate of the best rebalancing rule in hindsight (over
8
Figure 4: The payoff of Cover’s Derivative for unlevered hindsight
optimization, T := 2, S0 := 100, r := 0.
and above that of the option holder) is
1
T
log V ∗T −
1
T
log
{
V ∗T
1 + σ
√
T/(2pi)
}
=
1
T
log
{
1 + σ
√
T
2pi
}
, (12)
which tends to 0 as T →∞. Note that the excess growth rate is deterministic. Figure
5 plots this excess growth rate for different volatilities and maturities.
2.2 No-Arbitrage Price
We find it somewhat more natural to start with levered hindsight optimization, cor-
responding to the payoff V ∗T := max
b∈R
VT (b). Accordingly, we take up the Black-Scholes
9
Figure 5: Excess continuously-compounded annual growth rate (%) of
the best (unlevered) rebalancing rule in hindsight over that of the
replicating strategy.
(1973) equation
1
2
σ2S2
∂2C
∂S2
+ rS
∂C
∂S
+
∂C
∂t
− rC = 0 (13)
along with the boundary condition C(S, T ) := exp{rT + σ2b(S, T )2 · T/2}. For
convenience, we define the auxiliary variable
zt :=
log(St/S0)− (r − σ2/2)t
σ
√
t
, (14)
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which is a unit normal with respect to the equivalent martingale measure. Under this
notation, we have
b(S, t) =
z(S, t)
σ
√
t
. (15)
Thus, the final payoff of Cover’s rebalancing option is
V ∗T = exp(rT + z
2
T/2). (16)
The intrinsic value at time t is
V ∗t = exp(rt+ z
2
t /2) . (17)
We proceed to compute the expected discounted payoff with respect to the equivalent
martingale measure and the information available at t. To this end, we write
zT =
√
t
T
· zt +
√
1− t
T
· y, (18)
where
y :=
log(ST/St)− (r − σ2/2)(T − t)
σ
√
T − t . (19)
y is a unit normal with respect to the equivalent martingale measure and the infor-
mation available at t. Thus, we have
EQt [exp(z2T/2)] =
exp{tz2t /(2T )}√
2pi
∞∫
−∞
exp
{
− t
2T
y2 +
√
t(T − t)
T
zty
}
dy. (20)
11
To evaluate the integral, we make note of the general formula (cf. the appendix to
Reiner and Rubinstein 1992)
B∫
A
e−αy
2+βydy =
√
pi
α
exp
(
β2
4α
)[
N
(
B
√
2α− β√
2α
)
−N
(
A
√
2α− β√
2α
)]
, (21)
where α > 0 and N(·) is the cumulative normal distribution function. Putting α :=
t/(2T ), β :=
√
t(T−t)
T
zt, A := −∞, and B := +∞, we get
EQt [exp(z2T/2)] =
√
T
t
exp(z2t /2). (22)
Theorem 1. For levered hindsight optimization (over all b ∈ R), the price of Cover’s
rebalancing option is
C(S, t) =
√
T
t
exp(rt+ z2/2) =
√
T
t
exp{rt+ σ2b(S, t)2 · t/2} =
√
T
t
V ∗t , (23)
where z := {log(S/S0) − (r − σ2/2)t}/(σ
√
t), b(S, t) is the best rebalancing rule in
hindsight over [0, t], and V ∗t is the intrinsic value at time t.
Theorem 2. The American-style version of Cover’s Derivative (that expires at T ,
has zero exercise price, and pays V ∗t upon exercise at t) will never be excercised early
in equilibrium. The American price Ca(S, t) is equal to the European price Ce(S, t) =√
T/t · V ∗t .
Proof. Note that Ce(St, t) > V
∗
t for 0 < t < T , e.g. the European price of Cover’s
Derivative always exceeds the exercise value. To prevent arbitrage opportunities, we
must have Ca(S, t) ≥ Ce(S, t) on account of the additional rights granted by the
American-style option. Thus, we always have Ca(St, t) > V
∗
t , which means, to quote
Merton’s (1973) terminology, that the option is “worth more alive than dead.” In
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equilibrium, there are always willing buyers ready to pay more than the exercise value,
so the option would be sold to such buyers instead of being exercised. Thus, early
exercise being useless anyhow, we conclude that Ca(S, t) = Ce(S, t).
To be quite formal about it, the present American option valuation problem (cf.
Wilmott 1998) consists in solving the partial differential inequality
1
2
σ2S2
∂2C
∂S2
+ rS
∂C
∂S
+
∂C
∂t
− rC ≤ 0 (24)
together with the side conditions C(S, T ) = V ∗T , C(S, t) ≥ V ∗t , and subject to the
proviso that ∂C/∂S is continuous. These conditions are all indeed satisfied by the
formula C(S, t) =
√
T/t · V ∗t =
√
T/t · exp{rt+ z(S, t)2/2}.
2.3 Replicating Strategy and the Greeks
Differentiating the price, we find at once that
∆ :=
∂C
∂S
=
C · z
Sσ
√
t
=
C · b(S, t)
S
. (25)
or, equivalently, that ∆S/C = b(S, t).
Theorem 3. The replicating strategy for Cover’s Derivative bets the fraction b(S, t)
of wealth on the stock in state (S, t). Thus, to replicate Cover’s Derivative, one just
uses the best rebalancing rule in hindsight as it is known at time t.
Hence, for the complete market with a single stock in geometric Brownian motion,
assuming levered hindsight optimization, the following three trading strategies are
identical:
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1. The strategy that looks back over the known price history [0, t], finds the best
continuously-rebalanced portfolio in hindsight, and uses that portfolio over the
interval [t, t+ dt]
2. The ∆-hedging strategy induced by Cover’s Derivative
3. The natural estimator (µˆ − r)/σ2 of the continuous-time Kelly rule (µ − r)/σ
(cf. Luenberger 1998)
For reference, we catalog the rest of the Greeks below.
Γ :=
∂∆
∂S
=
z2 − 1
(Sσ
√
t)3
C (26)
Θ :=
∂C
∂t
=
(
r − 1
2t
− z
2
2
)
C (27)
Thus, there will be significant time decay in the option value for small times t and
for extreme price realizations in either direction.
ν :=
∂C
∂σ
=
[√
t
2
+
r + log(S0/S)
σ2t
]
Cz . (28)
There are generally two implied volatilities that rationalize a given observed value of
C. To show this, we start with the relation
z2 = 2(log C − rt) + log(t/T ). (29)
Comparing (29) with the definition
z2 =
[log(St/S0)− (r − σ2/2)t]2
σ2t
, (30)
14
Figure 6: The dual implied volatilities that rationalize an observed
price of Cover’s Derivative, t := 0.5, T := 1, r := 0.03, S0 := 100, St := 105.
we get a quadratic equation in the variance σ2. The lowest possible rational option
price is
√
T/t · ert, which corresponds to zt = 0. This happens if and when St =
S0e
(r−σ2/2)t. Figure 6 plots the option price against σ for the parameters t := 0.5,
T := 1, r := 0.03, S0 := 100, and St := 105. Finally, we have the interest rate
sensitivity
ρ :=
∂C
∂r
= [1− b(S, t)]Ct . (31)
Thus, when the best rebalancing rule in hindsight makes a positive allocation to
cash, higher interest rates will make the option more valuable. When the hindsight-
optimized rebalancing rule uses margin debt (b(S, t) > 1), higher interest rates will
make the option less valuable.
15
2.4 Unlevered Hindsight Optimization
In this subsection, we take up the case of unlevered hindsight optimization, obtaining
a more direct generalization of Ordentlich and Cover’s (1998) formula C0 = 1 +
σ
√
T/(2pi). Thus, we consider the payoff
V ∗t :=

ert if zt ≤ 0
exp(rt+ z2t /2) if 0 ≤ zt ≤ σ
√
t,
St/S0 if zt ≥ σ
√
t
(32)
where zt := {log(St/S0) − (r − σ2/2)t}/(σ
√
t). In this connection, the replicating
strategy no longer coincides with the best (unlevered) rebalancing rule in hindsight
bu(S, t) over the known history [0, t].
Again, we make the decomposition zT =
√
t/T · zt +
√
1− t/T · y, where y :=
{log(ST/St)− (r− σ2/2)(T − t)}/(σ
√
T − t). With this terminology, the final payoff
becomes
V ∗T =

erT if y ≤ −zt
√
t/(T − t)
exp(rT + z2T/2) if − zt
√
t/(T − t) ≤ y ≤ (σT −√tzt)/
√
T − t.
ST/S0 if y ≥ (σT −
√
tzt)/
√
T − t
(33)
The expected discounted payoff is the sum of three integrals I1+I2+I3, corresponding
to the three events bu(ST , T ) = 0, 0 < b
u(ST , T ) < 1, and b
u(ST , T ) = 1. Each integral
constitutes a separate solution of the Black-Scholes equation. To further simplify the
notation, we define A := −zt
√
t/(T − t) and B := A+ σT/√T − t. We have
I1 :=
1√
2pi
A∫
−∞
exp(rt− y2/2)dy = ertN(A), (34)
16
where N(·) is the cumulative normal distribution function. Next, we get
I2 :=
exp{rt+ tz2t /(2T )}√
2pi
B∫
A
exp
(
− t
2T
y2 +
√
t(T − t)
T
zty
)
dy. (35)
Evaluating the integral and simplifying, one has
I2 =
√
T
t
exp(rt+ z2t /2)
[
N
(
A
√
T
t
+ σ
√
tT
T − t
)
−N
(
A
√
T
t
)]
. (36)
Finally, we calculate
I3 := e
−r(T−t) St
S0
· exp{(r − σ
2/2)(T − t)}√
2pi
∞∫
B
exp
(− y2/2 + σ√T − t · y)dy, (37)
which simplifies to
I3 =
St
S0
N(σ
√
T − t−B). (38)
Theorem 4. For the single-stock Black-Scholes market with unlevered hindsight op-
timization, the price Cu(S, t) of Cover’s Derivative is
Cu(S, t) = ertN(A) + C(S, t)
[
N
(
A
√
T
t
+ σ
√
tT
T − t
)
−N
(
A
√
T
t
)]
+
St
S0
N(σ
√
T − t−B),
(39)
where z := {log(St/S0) − (r − σ2/2)t}/(σ
√
t), A := −z√t/(T − t), B := A +
σT/
√
T − t, and C(S, t) := √T/t · exp(rt + z2/2) is the price of Cover’s Deriva-
tive under levered hindsight optimization.
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2.5 Binomial Lattice Price
For the sake of completeness, we proceed to derive the general price of Cover’s Deriva-
tive on the Cox-Ross-Rubinstein (1979) binomial lattice. By abuse of notation, let r
denote the per-period interest rate, with R := 1 + r being the gross rate of interest.
We subdivide the interval [0, T ] into N subintervals of length ∆t := T/N . The stock
price S(t) evolves according to
S(t+ ∆t) =

S(t) · u with probability p
S(t) · d with probability 1− p
(40)
where u, d are constants such that 0 < d < R < u. We let q := (R−d)/(u−d) be the
risk-neutral probability, with 1−q = (u−R)/(u−d). The payoff-relevant state is the
number of ups j, where 0 ≤ j ≤ N . After N plays, the (possibly levered) rebalancing
rule b has grown the initial dollar into
VT (b) := R
N [1 + b(u/R− 1)]j[1 + b(d/R− 1)]N−j. (41)
To get the best rebalancing rule in hindsight over [0, T ], we take logs and differentiate
with respect to b, yielding the first-order condition
j(u−R)[1 + b(d/R− 1)] + (N − j)(d−R)[1 + b(u/R− 1)] = 0. (42)
Solving and simplifying, the best rebalancing rule in hindsight (after j ups and N − j
downs) is
b(j,N) :=
R
N(u− d)
(
j
q
− N − j
1− q
)
(43)
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The final payoff of Cover’s Derivative is
V ∗T (j,N) :=
(
R
N
)N(
j
q
)j(
N − j
1− q
)N−j
, (44)
where we have adopted the convention that 00 := 1. If the hindsight-optimization is
restricted to unlevered rebalancing rules b ∈ [0, 1], then the payoff becomes
V ∗T :=

RN if j ≤ Nq
(R
N
)N
(
j
q
)j(N−j
1−q
)N−j
if Nq < j < Nq + u−d
Rq(1−q) .
ujdN−j if j ≥ Nq + u−d
Rq(1−q)
(45)
For unlevered hindsight optimization, Ordentlich and Cover (1998) gave us the time-0
price
C0 = Prob{j ≤ Nq}+
∑
Nq<j<Nq+ u−d
Rq(1−q)
(
N
j
)(
j
N
)j(
1− j
N
)N−j
+
∑
j≥Nq+ u−d
Rq(1−q)
(
N
j
)
(qu)j[(1− q)d]N−j.
(46)
We supplement this formula by computing the general price under levered hindsight
optimization in state (k, n), where k upticks have occured in the first n time steps.
Letting j denote the number of upticks in the next N − n steps, the expected dis-
counted payoff in state (k, n) with respect to the risk-neutral measure is
C(k, n) := q−k(1− q)k−n
N−n∑
j=0
(
N − n
j
)(
j + k
N
)j+k(
1− j + k
N
)N−j−k
. (47)
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This being done, one can replicate Cover’s Derivative on the binomial lattice by using
our general price C(k, n) in conjunction with the formula
∆ :=
Cu − Cd
S(u− d) =
C(k + 1, n+ 1)− C(k, n+ 1)
S(u− d) , (48)
where S is the current stock price, n is the number of time steps to date, and k is the
number of upticks that have occured so far.
To obtain a more direct generalization of (46), we close this subsection by comput-
ing the price of Cover’s Derivative for unlevered hindsight optimization in all possible
states (k, n). The price consists of three terms Cu(k, n) := Σ1+Σ2+Σ3, corresponding
to the three events b∗ ≤ 0, 0 < b∗ < 1, and b∗ ≥ 1. Again, j will denote the number
of upticks that occur over the next N − n time steps. We start with
Σ1 :=
∑
0≤j≤Nq−k
(
N − n
j
)
qj(1− q)N−n−j. (49)
Next, we get
Σ2 := q
−k(1− q)k−n
∑
Nq−k<j<Nq−k+ u−d
Rq(1−q)
(
N − n
j
)(
j + k
N
)j+k(
1− j + k
N
)N−j−k
.
(50)
Finally, we have
Σ3 := q
−k(1− q)k−n
∑
j≥Nq−k+ u−d
Rq(1−q)
(
N − n
j
)
(qu)k+j[(1− q)d]N−k−j. (51)
Simulation: “Shannon’s Demon”
To illustrate the replication of Cover’s Derivative on a binomial lattice, we simulate
Shannon’s canonical discrete-time example (cf. Poundstone 2010). This amounts to
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Figure 7: Replication of Cover’s Derivative on the binomial lattice for
Shannon’s canonical example (“Shannon’s Demon”).
the parameters u := 2, d := 1/2, r := 0, R = 1, and the risk-neutral probability
q = 1/3. The gambler buys (replicates) a dollar’s worth of Cover’s Derivative at
n = 0, and holds the option until n = N . His wealth after n steps (and k upticks)
is C(k, n)/C(0, 0). By comparison, the stock price will be 22k−n. Figure 7 plots a
sample path for N := 300 periods.
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3 Several Underlyings
We turn our attention to the general stock market with n correlated stocks (i =
1, ..., n) that follow the geometric Brownian motions
dSit
Sit
= µi dt+ σi dWit, (52)
where Sit is the price of stock i at t and µi, σi are the drift and volatility of stock i, re-
spectively. The (Wit)
n
i=1 are standard Brownian motions, with ρij := Corr(dWit, dWjt)
being the correlation coefficient of the instantaneous changes in Wit and Wjt. The
correlation matrix, which is assumed to be invertible, is denoted R := [ρij]n×n. Next,
we let
σij := ρijσiσj = Cov
(
dSit
Sit
,
dSjt
Sjt
)/
dt. (53)
We let Σ := [σij]n×n denote the covariance matrix of instantaneous returns per unit
time, and we write Σ = MRM , where M := diag(σ1, ..., σn) is the diagonal matrix of
volatilities.
We take up the general rebalancing rules b := (b1, ..., bn)
′ ∈ Rn, where bi is the
fraction of wealth bet on stock i over the interval [t, t + dt]. Thus, the trader keeps
the fraction 1−
n∑
i=1
bi of his wealth in bonds over the interval [t, t+ dt]. As before, we
let Vt(b) denote the gambler’s wealth at t, where V0 := 1. The trader’s wealth evolves
according to
dVt(b)
Vt(b)
=
n∑
i=1
bi
dSit
Sit
+
(
1−
n∑
i=1
bi
)
dBt
Bt
=
[ n∑
i=1
biµi +
(
1−
n∑
i=1
bi
)
r
]
dt+
n∑
i=1
biσidWit.
(54)
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For brevity, let µ := (µ1, ..., µn)
′ denote the vector of drifts. We then have
dVt(b)
Vt(b)
= [r + (µ− r1)′b]dt+
n∑
i=1
biσidWit, (55)
where 1 := (1, ..., 1)′ is an n × 1 vector of ones. The solution of this stochastic
differential equation is given by
Vt(b) = exp
{
[r + (µ− r1)′b− b′Σb/2]t+
n∑
i=1
biσiWit
}
. (56)
This can be verified directly by applying the multivariate version of Itoˆ’s Lemma
(Bjo¨rk 1998) to the function
F (W1, ...,Wn, t) := exp
{
[r + (µ− r1)′b− b′Σb/2]t+
n∑
i=1
biσiWi
}
. (57)
Indeed, we get
dFt =
∂F
∂t
dt+
n∑
i=1
∂F
∂Wi
dWit +
1
2
n∑
i=1
n∑
j=1
∂2F
∂Wi∂Wj
ρijdt. (58)
Substituting ∂F/∂t = F ·[r+(µ−r1)′b−b′Σb/2], ∂F/∂Wi = F ·biσi, and ∂2F/∂Wi∂Wj =
F · bibjσiσj yields the desired result. Proceeding as before, we take the expression
σiWit = log(Sit/Si0)− (µi − σ2i /2)t (59)
and substitute it into (56). This yields
Vt(b) = exp
{
(r − b′Σb/2)t+
n∑
i=1
bi[log(Sit/Si0)− (r − σ2i /2)t]
}
. (60)
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For brevity, let
zi :=
log(Sit/Si0)− (r − σ2i /2)t
σi
√
t
. (61)
Under the equivalent martingale measure, the variables z := (z1, ..., zn)
′ are all unit
normals, with correlation matrix R = [ρij]. Thus, we can write
Vt(b) = exp{(r − b′Σb/2)t+
√
t · z′Mb}. (62)
Maximizing Vt(b) with respect to b, we get the first-order condition
tΣb =
√
tMz. (63)
For simplicity, let S := (S1, ..., Sn)
′ denote the vector of stock prices, and let b(S, t) de-
note the best rebalancing rule in hindsight over [0, t]. Solving the first-order condition
yields
b(S, t) =
1√
t
·M−1R−1z . (64)
The final wealth that accrues to a $1 deposit into the best rebalancing rule in hindsight
over [0, t] is
V ∗t = exp(rt+ z
′R−1z/2) = exp(rt+ t · b′Σb/2) . (65)
Hence, the final payoff of Cover’s Derivative is V ∗T = exp(rT + z
′R−1z/2). Again,
we see that the final wealth of the best (levered) rebalancing rule in hindsight is
Markovian: it depends only on the current state (S1, ..., Sn, t).
We pass to the multivariate version of the Black-Scholes equation (Wilmott 2001),
which governs the no-arbitrage price of “rainbow” or “correlation” options dependent
on several underlyings. As usual C(S1, ..., Sn, t) = C(S, t) will denote the price of
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Cover’s Derivative. We solve the differential equation
1
2
n∑
i=1
n∑
j=1
ρijσiσjSiSj
∂2C
∂Si∂Sj
+ r
n∑
i=1
Si
∂C
∂Si
+
∂C
∂t
− rC = 0 (66)
with the boundary condition C(S, T ) := V ∗T (S) = exp(rT+z
′
TR
−1zT/2). As usual, we
do this by computing the expected discounted payoff with respect to the equivalent
martingale measure.
To this end, we again write
zT =
√
t/T · zt +
√
1− t/T · y, (67)
where
yi :=
log(SiT/Sit)− (r − σ2i /2)(T − t)
σi
√
T − t . (68)
The yi are all unit normals with respect to the equivalent martingale measure Q and
the information available at t. R is the correlation matrix of the random vector y :=
(y1, ..., yn)
′. The conditional density of y is f(y) := (2pi)−n/2 det(R)−1/2 exp(−y′R−1y/2).
Expanding the quadratic form z′TR
−1zT , we get
z′TR
−1zT/2 =
t
2T
z′tR
−1zt +
√
t(T − t)
T
z′tR
−1y +
T − t
2T
y′R−1y. (69)
Thus, we find that EQt [exp(z′TR−1zT/2)] =
(2pi)−n/2 det(R)−1/2 exp
(
t
2T
z′tR
−1zt
)
×
∞∫
−∞
· · ·
∞∫
−∞
exp
(
− t
2T
y′R−1y +
√
t(T − t)
T
z′tR
−1y
)
dy1 · · · dyn.
(70)
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To evaluate the multiple integral, we use the general formula
∞∫
−∞
· · ·
∞∫
−∞
exp(−y′Ay + β′y)dy1 · · · dyn = pin/2 det(A)−1/2 exp(β′A−1β/4), (71)
where A is any symmetric positive definite n × n matrix and β = (β1, ..., βn)′ is any
vector of constants. Putting A := t/(2T ) · R−1, β := √t(T − t)/T · R−1zt, and
simplifying, we get
EQt [exp(z′TR−1zT/2)] = (T/t)n/2 exp(z′tR−1zt/2). (72)
Theorem 5. For levered hindsight optimization (over all b ∈ Rn), the price of Cover’s
Derivative is
C(S, t) = (T/t)n/2 exp(rt+ z′R−1z/2) = (T/t)n/2 exp(rt+ t · b′Σb/2) = (T/t)n/2 · V ∗t ,
(73)
where zi := {log(Sit/Si0)− (r− σ2i /2)t}/(σi
√
t), b(S, t) is the best rebalancing rule in
hindsight over [0, t], and V ∗t is the intrinsic value at time t.
Theorem 6. For the general market with n correlated stocks in geometric Brownian
motion, the American-style version of Cover’s Derivative (that expires at T , has
zero exercise price, and pays V ∗t upon exercise at t) will never be excercised early in
equilibrium. The American price Ca(S, t) is equal to the European price Ce(S, t) =
(T/t)n/2 · V ∗t .
Proof. Immediately, we see that the option is “worth more alive than dead” on ac-
count of the inequalities Ca(S, t) ≥ Ce(S, t) = (T/t)n/2 · V ∗t > V ∗t for 0 < t < T .
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To find the replicating strategy, we again differentiate the price, getting
∆i :=
∂C
∂Si
=
C · (R−1zt)i
Siσi
√
t
=
C · bi(S, t)
Si
, (74)
where (R−1zt)i is the ith coordinate of the vector R−1zt. Thus, we have the relation
∆iSi/C = bi(S, t).
Theorem 7. The replicating strategy for Cover’s Derivative bets the fraction bi(S, t)
of wealth on stock i in state (S, t). Thus, to replicate Cover’s Derivative, one just
uses the best rebalancing rule in hindsight as it is known at time t.
For the general stock market, we have again concluded that the following three
trading strategies are identical:
1. The strategy that looks back over the known price history [0, t], finds the best
continuously-rebalanced portfolio in hindsight, and uses that portfolio over the
interval [t, t+ dt]
2. The ∆-hedging strategy induced by Cover’s Derivative
3. The natural estimator Σ−1(µˆ−r1) of the continuous-time Kelly rule Σ−1(µ−r1)
(cf. Luenberger 1998).
4 Simulations
We proceed to give three simulations that help visualize the behavior of the replicating
strategy over T := 200 years under a risk-free rate of r := 0.02. We let νi := µi−σ2i /2
denote the compound-annual growth rate of stock i, and we normalize the initial stock
prices to Si0 := 1. We also normalize the trader’s initial wealth to $1. Simulations 1
and 2 deal with the univariate case. For the first 5 years of the experiment, the trader
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Figure 8: Outcome for ν := 0.04, σ := 0.7.
holds a single share of the stock. Then at t = 5, he puts all his money into Cover’s
Derivative. The waiting period is necessary because C → +∞ as t → 0+. Thus, for
t ≤ 5 the trader’s wealth is St, and for t ≥ 5 his wealth is S5C(St, t)/C(S5, 5).
Simulation 1
We put ν := 0.04 and σ := 0.7. The Kelly growth rate (Luenberger 1998) for this
market is 9.17% and the Kelly bet is b∗ = 0.54. The replicating strategy learns to
hold significant cash balances and “live off the fluctuations,” which are substantial
on account of the 70% annual volatility. Figure 8 gives a sample path.
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Figure 9: Outcome for ν := 0.08, σ := 0.17.
Simulation 2
Next, we use ν := 0.08 and σ := 0.17. The Kelly growth rate is 11.6% and the
Kelly bet is b∗ = 2.57. The replicating strategy uses enormous leverage in an effort
to exploit low interest rates and the favorable risk/return profile. This is Figure 9.
After 200 years, the stock price has appreciated from $1 a share to $100 million a
share, but the replicating strategy has grown the initial dollar into $1 trillion.
Simulation 3
Finally, we simulate the bivariate case. At t = 0, the trader puts $0.50 into each
stock. He holds this portfolio for 5 years, and then he puts all his money into Cover’s
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Figure 10: Outcome for ν := (0.03, 0.08)′, σ := (0.55, 0.7)′, ρ := 0.2.
Derivative. Thus, for t ≤ 5 his wealth is 0.5[S1(t) + S2(t)], and for t ≥ 5 his wealth
is 0.5[S1(5) + S2(5)]C(St, t)/C(S5, 5).
We use ν := (0.03, 0.08)′ and σ := (0.55, 0.7)′, with ρ := 0.2 being the correlation
of instantaneous returns. The Kelly growth rate is 13.7% and the Kelly fractions are
b∗ = (0.39, 0.56)′. Figure 10 gives the result. On this particular sample path, the
replicating strategy uses leverage for decades on end, in spite of the fact that a Kelly
gambler would continuously hold 5% of wealth in cash.
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5 Limitations and Constraints
To close the paper, we briefly review the practical limitations of our framework and
main results. First, our entire analysis resides squarely within the Black-Scholes com-
plete market consisting of a risk-free bond and several correlated stocks in geometric
Brownian motion. Accordingly, we have operated under the classical assumption of
continuous trading in a frictionless environment that is free of taxes, transaction costs,
and bid-ask spreads. Importantly, we have assumed that one can operate without any
institutional constraints on leverage or value at risk. A potentially unlimited supply
of margin loans is presumed to be available at the risk-free rate, and all securities
can be sold short with full use of the proceeds. In accordance with the Kelly theory
of asymptotic capital growth, the trader is willing to stomach any level of volatility
or short-term drawdown in service of achieving the optimum asymptotic growth rate.
As far as actual praxis on behalf of long lived institutions (say, sovereign wealth funds
or university endowments), we have not modelled or simulated the behavior of our
investment strategy in the presence of ongoing deposits and withdrawals.
Finally, we make the technical note that in certain (mathematically degenerate)
situations, our “beat the market asymptotically” slogan can turn into “tie the market
asymptotically.” For, if the best rebalancing rule in hindsight over [0, T ] amounts to
buying and holding one of the stocks (e.g. if b(ST , T ) is a unit basis vector), then the
compound growth rate of the practitioner will lag the best performing stock in the
market (in the one-underlying case, the market itself) by an amount that becomes
vanishingly small as T →∞. This finite-sample growth rate lag is precisely the “cost
of universality,” that is, the cost of having to learn the growth optimal rebalancing
rule on-the-fly.
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6 Conclusion
This paper priced and replicated an exotic option (“Cover’s Derivative”) whose payoff
equals the final wealth that would have accrued to a $1 deposit into the best leveraged,
continuously-rebalanced portfolio in hindsight. A rebalancing rule is a fixed-fraction
betting scheme that trades continuously so as to maintain a target proportion bi
of wealth in each stock i. For the Black-Scholes market with n correlated stocks
in geometric Brownian motion, the no-arbitrage price of Cover’s rebalancing option
is C(S, t) = (T/t)n/2 exp(rt + t · b′Σb/2), where b = b(S, t) is the best rebalancing
rule in hindsight over [0, t] and Σ is the covariance of instantaneous returns per unit
time. Since C is equal to (T/t)n/2 times intrinsic value, the American-style version of
Cover’s Derivative will never be exercised early in equilibrium because the option is
“worth more alive than dead.”
The order of magnitude C(S, t;T ) = O(T n/2) agrees with the super-replicating
price derived by Cover in his discrete-time universal portfolio theory. A sophisticated,
long-lived institution that puts money into the replicating strategy (a strategy which
turns out to be horizon-free) will grow its endowment at the same asymptotic rate
as the best levered rebalancing rule in hindsight. In the long-run, with probability
approaching 1, it will beat the market averages by an exponential factor. Of course,
this guarantee is subject to the proviso that the best levered rebalancing rule in
hindsight must sustain a higher asymptotic growth rate than the market index.
The replicating strategy amounts to betting the fraction bi(S, t) of wealth on
stock i at time t, where b(S, t) is the best rebalancing rule in hindsight over the
currently known price history. If someone knows the covariance Σ of instantaneous
returns (but not necessarily the drifts of the various stocks), he can use the formula
b(S, t) = M−1R−1z/
√
t, where R is the correlation matrix of instantaneous returns,
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M := diag(σ1, ..., σn) is the (diagonal) matrix of volatilities, and zi := {log(Sit/Si0)−
(r − σ2i /2)t}/(σi
√
t). But even if he is ignorant of Σ, he can still find b(S, t) at any
given time by hindsight-optimizing over the known price history.
Another expression for the replicating strategy is b(S, t) = Σ−1(µˆ − r1), where
µˆi := log(Sit/Si0)/t + σ
2
i /2 is the natural estimator of the drift of stock i. The
replicating strategy converges in mean square to the continuous-time Kelly rule, b∗ :=
Σ−1(µ − r1), and its realized compound-growth rate converges to the Kelly (1956)
optimum asymptotic growth rate, which is γ∗ := r+ (1/2)(µ− r1)′Σ−1(µ− r1). This
happens because the intrinsic value of Cover’s Derivative grows at an asymptotic rate
of γ∗ per unit time. A $1 deposit into the replicating strategy at time t guarantees
that the trader will achieve, at T , the deterministic fraction V ∗T /C(St, t) of the final
wealth of the best rebalancing rule in hindsight. The excess continuously-compounded
growth rate of V ∗T (over and above that of the replicating strategy) is at most {rt +
z′tR
−1zt/2 + n log(T/t)/2}/(T − t), which tends to 0 as T →∞.
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